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University of Ottawa, Winter 2026

1. Find exact closed form expressions for the following sums. Explain how you discovered the expression and
prove that it is correct.

(a) 12 + 32 + 52 + · · ·+ (2n+ 1)2.

(b) 3n + 3n+1 + 3n+2 + · · ·+ 32n.

(c) (Optional) 1/2 + 2/22 + 3/23 + · · ·+ n/2n.
(Hint: Call this number S. Subtract S from 2S term by term.)

2. Show the following inequalities by using the integral method for approximating sums.

(a) 2
√
n+ 1− 2 ≤ 1/

√
1 + 1/

√
2 + · · ·+ 1/

√
n ≤ 2

√
n+ 1− 1.

(b) n3/3 ≤ 12 + 22 + · · ·+ n2 ≤ n3/3 + n2.

(c) 1 · e−12 + 2 · e−22 + · · ·+ n · e−n2 ≤ 3/(2e). (A different constant is acceptable.)

3. Sort the following functions in increasing order of asymptotic growth:

2n, nn, e2
n
, 2e

n
, ne2 .

(For example, if you are given the functions n2, n, and 2n, the sorted list would be n, n2, 2n.) Show that for
every pair of consecutive functions f, g in your list, f is o(g).

4. Write each of the following summations S as big-theta of a simple closed-form function f . Prove that S is
O(f) and f is O(S).

(a) n+ (n+ 1) + (n+ 2) + · · ·+ 2n.

(b) log(n) + log(n+ 1) + · · ·+ log(2n).

(c) 21
2
+ 22

2
+ · · ·+ 2n

2
. (Hint: Upper bound using the geometric sum formula.)


