CSI 4103 / 5138: Great Algorithms Practice Midterm Exam 1 Solutions
University of Ottawa, Fall 2026

Exam 1

1. Systems A and B consist of four linear equations in four unknowns modulo 2.

r1 + w2 = 0 r1 + 2 = 1
+ + + +
n + oy =0 mo o+ y2 =0
1 1 1 1

system A system B

(a) Solve system A using modular Gauss-Jordan elimination. If there are multiple solutions, specify the free
variables and the assignment to the remaining variables in terms of the free variables.

Solution: Keeping the equation x1 4+ x5 = 0 and eliminating z; from the others gives the system zo+y; =
1, z0+y2 = 1,y1+y2 = 0. Now we keep x2+y1 = 1 and eliminate x5 to obtain y;+y2 = 0 twice. Eliminating
y1 leaves yo as the free variable. Substituting back gives the solution y; = y2, 2o = yo + 1, 1 = yo + 1.
(As yo can be either 0 or 1 there are two solutions for (z1,z2,y1,y2): (1,1,0,0) and (0,0,1,1).)

(b) In system B the value in the first equation was flipped. Produce a contradictory linear combination for
system B. You may use any method you like.

Solution: The contradictory linear combination is the sum of all the equations. As each variable appears
twice the left-hand side vanishes modulo two. The right hand side equals 1+0+1+1=1.

2. You want to apply Gradient Descent to the system

1 3] [2] [1
3 1| |ly| (1|
The eigenvalues of the matrix are A = 4 and Ay = —2 with corresponding eigenvectors vi = (1/v/2,1/v/2),

vo = (1/V/2,-1/V/2).

(a) What is the maximum rate p* below which convergence to the unique solution (1/4,1/4) is guaranteed
(for any initialisation)?

Solution: p* is the inverse square of the spectral norm of A. The spectral norm of a symmetric matrix
is the largest eigenvalue in absolute value, which is 16 in this case. Therefore p* = 1/16.

(b) You run Gradient Descent with rate p = 0.01 and initialisation (x,y) = (1,0). The distance between the
state (z¢,;) at time ¢ and the solution (1/4,1/4) is ©(b!) for some number b. Find b.

Solution: b = 0.92. Let x* = (1/4,1/4) and x = (z,y) be the state of the algorithm at some point.
The difference x — x* is multiplied by the matrix B = I — 2pAA” at every step of the algorithm. As A
is symmetric, AAT has the same eigenvectors as A2 and therefore A, and so does B = I — 2pAAT. The
associated eigenvalues are 1 — 2pA? = 0.68 and 1 — 2pA\3 = 0.92. The initial state has nonzero projection
in the direction of vy, so the latter number governs the rate of convergence.

3. Calculate the Fourier transforms of the following functions. You may use any method you like. 4+ and — are
shorthand for the numbers +1 and —1.



122 ‘-H— -+ +— —
flaiwg) | 1 1 -1 -1

Solution: This is the function x5. Its only nonzero Fourier coefficient is f({2}) = 1.
S | 1 2 12
f9)fo o 1 0

T122 ‘++ -+ +— ——
g(xlxg)‘ 0 1 1 1

(Hint: What is 1 — g?)

Solution: 1 — g is the point function point, | . Its polynomial representation is (14 x1)/2 - (1 4+ x2/2) =
% + iml + %1}2 + %.%'1.%2. Therefore g = % — %xl — %xg — %xlmg.
S |e 1 2 12

9(8) [ 3/4 —1/4 —1/4 —1/4

if x3 = —1
h(w129w3) = f(z122), ifzy
g(x129), if 3 =+1.

(Hint: Apply one of the steps of the Fast Fourier-Walsh algorithm.)

Solution:
1—2 1+zx
h(z12aws) = ——— - f + —=— -
2 2

1 1

:§(Q+f)+§(g—f)333
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which gives the coefficient list
S | 1 2 3 12 13 23 123

~ 3 I 3 3 1 1 5 1
98 1% -3 § § -5 -8 3 —%




Exam 2

1. Let S be the system of equations
r+y+2=0
r+2y+42=0
(a) Apply Gauss-Jordan elmination to find a nonzero solution. Explain your steps.

Solution: After eliminating x we obtain y 4+ 3z = 0. After eliminating y, z becomes a free variable. The
solution found by Gauss-Jordan Elimination is FREE = {z}, y = —3z, © = —y — z = 2z. Setting z to
any nonzero value yields a nonzero solution. For example, z =1 gives y = —3 and = = 2.

(b) Now add the equation z + 3y + 7z = 1 to the system. Find a contradictory linear combination.

Solution: We seek coefficients a, b, ¢ so that a(z +y + 2) + b(x + 2y + 42) + c(x + 3y + 7z) is always zero,
but Oa + 0b + 1c = ¢ is not zero. We may set ¢ = 1. For this it is sufficient to solve

a+b+1=0a+20+3 =0a+4b+7=0

Subtracting the first two equations we get b = —2 and a = 1. Indeed, adding the first and third equation
and subtracting the second gives zero on the left and one on the right.

2. Let A be the adjacency matrix of the 3-cycle (with zeros on the diagonal). The largest eigenvalue of A is A\ = 2.
The corresponding eigenvector is vi = (1/v/3)(1,1,1).

1

(a) Let x be any vector that is orthogonal to vi. Show that the state of Power Iteration on A initialized with
x oscillates between x and —x. Assume there are no precision errors.

Solution: Let x = (x1,x2,23). As it is orthogonal to vy, 21 + 2 + 3 = 0. Applying A to x gives
Ax = (xg + x3,x3 + 21,21 + x2) = (—x1, —x2, —x3) = —X because subtracting 1 + x2 + z3 from every
coordinate does not change x.

(b) Use part (a) to deduce the other two eigenvalues Ay and Az of A. What are they?

Solution: Ay = A3 = —1. As eigenvectors are mutually orthogonal, applying A to an eigenvector v other
than v; outputs —v, so the corresponding eigenvalue must be —1.

3. Apply the modular Fast Fourier transform to calculate the polynomial representation of

a alculate the list representations o and f—, where f(z) = )+ xf (7).
Calculate the li i f f+ and f~, where f (@) + zf (22

Solution: f*(z%) = (f(x) + f(—x))/2 has list representation f(1) = 1, f(=1) = 2. f~(2?) = (f(z) —
f(—=x))/2x has list representation f(1) = —1, f(—=1) =1
(b) Calculate the polynomial representations of f and f~ over domain {—1,+1}.

5(9(1)+g( 1))+ 35(9(1)—g(-1))-y.
D)+ (- L)y

Solution: g over domain —1, 1 has polynomial representation g(y)

Applying this formula we get f1(y) = % — % cyand f~(y) = (_% + %

(c¢) Calculate the polynomial representation of f.

Solution: f(z) = fT(2?) +af (2?) =34+ (—5+3i) -2 — 1 22+ (-

[N



Exam 3

1. You apply gradient descent to the following (inconsistent) univarate linear system:

=0

r=1

(a) Write the sum-of-squares loss f. For which value of z* is f(2*) minimized?

Solution: The sum-of-squares loss is f(x) = 22+ (x—1)2. Its gradient is f'(z) = 22+2(z—1) = 2(2x—1).
The loss is minimized when the gradient is zero, namely at z* = 1/2.

(b) Let x; be the state after ¢ steps of gradient descent with rate p. What is (x; — 2*)/(zi—1 — 2*)?

Solution: It equals 1 —4p. The state evolution equation is zy = x4—1 — pf'(z1—1) = x4—1 — 2p(224—1 — 1).
Therefore z; — 1/2 = (z4-1 — 1/2) — 2p(2z4—1 — 1) = (1 — 4p)(x¢—1 — 1/2).

(¢) Assuming xg = 0 and p = 1/8, what is x29?

Solution: By part (b),

220 — 1/2 = (1 — 49) (20 — 1/2) = (1/2)%(~1/2) = —(1/2)".

2. You apply subspace iteration on the matrix

A=

N = O
S O =

2
0
0

Your initial state is the standard basis x; = (1,0,0), x2 = (0,1,0), x3 = (0,0, 1).

(a)

Ignoring x3 for now, show how x; and xs evolve in the first three rounds of subspace iteration.

Solution: Round 1: Ax; and Axs are the first two columns of A. They are already orthogonal but not
of unit norm. After orthogonalization the state is x; = (0,1/v/5,2/+/5) and x5 = (1,0,0).

Round 2: Ax; now becomes (1/5,0,0) and Axy becomes (0,1,2). After orthogonalization x; = (1,0,0)
and x2 = (0,1/4/5,2/4/5). They switch places from round 2.

Round 3: They now switch places again, so the outcome is the same as after round 1. The state keeps
iterating between x; = (0,1/v/5,2/v/5), x2 = (1,0,0) and x; = (1,0,0), xo = (0,1//5,2/V/5).

Use part (b) to find two of the three eigenvalues of A. Explain your reasoning.

Solution: The two eigenvalues are v/5 and —v/5. As Ax; = v/bxy and Axs = v/bx1, X1 + X2 is an
eigenvector with eigenvalue v/5 and x; — x5 is an eigenvector with eigenvalue —v/5.

Prove that if, at any point during power iteration, Ax; and Ax; become linearly dependent (for some
i # j), zero must be an eigenvalue of A.

Solution: if Ax; = cAx; then A(x; — c¢x;) must be zero. But x; and x; are orthogonal so x; — ¢x; is a
nonzero eigenvector with eigenvalue zero.

Use part (c) to find the remaining eigenvalue of A. (Hint: What happens to x37)

Solution: In round 1 already Axs and Axj are linearly dependent as they are both multiples of (0, 1,2).
By part (c) zero is an eigenvalue of A.

3. The 2-bit addressing function addr: {+1,—1}5 — {+1, -1} is given by

(a)

addr(z,y, 244, 24—y 24, 2-—) = Ry-
Express addr in terms of the four point functions point,,(z,y) and the four variables z,p.

Solution: addr = z, point_ , (z,y) + z4_point, _(z,y) + z_ypoint__ (x,y) + z__point__(z,y).



(b) Calculate addr(2), addr({1,2,3}) and addr({1,2,3,4}). (Use part (a).)

Solution: @(@) = (0: All terms in the polynomial expansion of addr contain of the z,, variables. The
constant term must therefore be zero.

@({1, 2,3}) = 1/4: This is the coefficient in front of the monomial zyz . This is the zy-coefficient in
the Fourier expansion of point, , (z,y). We calculated it as 1/4 in class.

@({1, 2,3,4}) = 0: The degree of addr can be at most 3, as each of the point functions has degree 2.
The term zyzy 4z does not appear in the expansion.



