ENGG 2760A / ESTR 2018: Probability for Engineers Homework 8 Solutions
The Chinese University of Hong Kong, Fall 2022

1. N is a Geometric(P) random variable. The success probability P itself is a Uniform random
variable independent of N. You observe that N = 2. What is the PDF of P given this event?
(Optional) In general what is the PDF of P given N7

Solution: By Bayes’ rule, conditional PDF of P given N = 2 is

P(N=2[P=p)-fp(p) p(1—p)-1

Trin(al2) = P(N = 2) T P(N=2)"

We calculate P(NN = 2) using the total probability theorem: The denominator of the equation
is an integral of the numerator from 0 to 1,

1 1
POV =2) = [ POV = 2P = p)fo(pdp = [ (1= plpdo = .

Hence,
fpin(p[2) = 6(1 — p)p.
By the same reasoning, in general
P(N =n|P = p)fp(p)
P(N =n)
_ (A=pp
Jo (1= p)»~1pdp
(1-p)"'p
1/n(n+1)
=n(n+1)(1-p)" 'p.

fP|N(p|n) =

2. Let X be an Exponential(A\) random variable. Find the PDF of the random variables (a)
Y = X? and (b) Z = e ¥,

Solution:

(a) For y >0, the CDF of Y is Fy(y) = P(X? <y) =P(X < ,/y) =1 — e VY. The PDF
is the derivative of the CDF which is

Le_)‘\/g ify >0

0 otherwise

(b) Since X only takes nonnegative values, Z will take values between 0 and 1. For 0 < z <1,
the CDF of Z is

Fr(z) =P(e™ <2)=P(X > _bfz) _ o M—logz/) _

Its derivative is

fz(z) =

0 otherwise

?ﬂ0<z§1

In words, Z is a Uniform(0, 1) random variable.



3. Raindrops hit your head at a rate of 1 per second. What is the PDF of the time at which the
second raindrop hits you? How about the third one? (Hint: convolution)

Solution: The time before the second raindrop is Y = X; + X3, where X7 and Xy are inde-
pendent Exponential(1) random variables. We calculate the PDF of Y using the convolution
formula:

fr(y) = /Oo Ixi (1) fxp (y — 21)d21 = /Oy e T YT g = ye Y,

—00
The third raindrop hits at time Z = Y + X3, where X3 is another independent Exponential(1)
random variable. By the convolution formula again,

2

fz(2) = /_ fy (W) fxs(z —y)dy = / ye Ve FMVdy = %e‘z.

0

4. The body temperatures of a healthy person and an infected person are Normal(36.8, 0.5%) and
Normal(37.8,1.0%) random variables, respectively. About 1% of the population is infected.

(a) What is the conditional probability that I am infected given that my temperature is t?
(b) For which values of ¢t am I more likely to be infected than not?
Solution:

(a) Let A be the event that I am infected, and T' be my body temperature. By the total
probability theorem,

fr(t) = P(A) fria(w) + P(A®) frac (1),

where T|A is a Normal(37.8,1.0%) random variable and T|A¢ is a Normal(36.8,0.5%)
random variable. The (unconditional) PDF of X is

fo(t) = Q0L ety 099 ghs | 00 srgry y 198 a2

N =T Vor Vor

By Bayes’ rule, the conditional probability of A given T is

P(A) fra(t) 0.01e—(t-378)2/2

PAIT=0=""300 = 0.01c 5792/ 1 1.g8¢ 2 5657

(b) I am more likely to be infected than not when P(A) > P(A€), namely when

0_016—(t—37.8)2/2 > 1‘986—2(1&—36‘8)2.

Taking logarithms of both sides this is equivalent to a quadratic inequality in ¢. Solving
this inequality, we obtain that P(A) > P(A°) holds when ¢t < ¢t_ or t > t;, where
t_ A~ 34.4742 and ty = 38.4591.



